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ABSTRACT
An in-depth examination of eight articles pertaining to
collapsible tube phenomenon is provided. Experimental models and
mathematical models are explored. Two mathematical models are
developed by the author, each of which attempt to reproduce
experimental data provided by Lyon [37]. Respective models produce
sets of coupled differential equations, and Advanced Continuous
Simulation Language (ACSL) is utilized to solve these equations.
Neither of the author's models provides total numerical
reproductions of the experimental data under consideration.
However, general trends are obtained which correspond to those
observed in Lyon's data. General responses to variations in system
parameters are provided for both models.
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1.0 INTRODUCTION
The phenomenon of incompressible flow in collapsible tube
segments has been investigated by engineers, physiologists, and
mathematicians for years. Understanding pressure-flow
characteristics and how they relate to the tube properties is
relevant to flow in coronary arteries and veins, pulmonary veins
and airways, and hydraulic systems.
This research seeks to investigate collapsible tube phenomena
as it relates to transmural myocardial blood flow. 'Myo' is a
prefix denoting muscle and
'cardi' is a prefix denoting heart,
therefore myocardium is muscle of the heart. More specifically,
the myocardium is the middle of three layers that form the heart
wall. The inner layer is a delicate membrane that lines the heart
and is referred to as the endocardium. The outer layer is a serum
containing a membrane that envelopes the heart and is referred to
as the epicardium. Located within the myocardium are the blood
vessels which deliver blood to the heart itself, and are
collectively referred to as the coronary vasculature. Coronary
blood flow is phasic and pulsitile due to the pumping nature of the
heart, and interactions between intramyocardial blood vessels and
mechanical forces generated within the myocardium.
The cardiac cycle consists of two phases, systole and
diastole. Systole is the period during which the heart contracts.
Blood in the heart chambers is ejected into the arteries for
distribution throughout the body. Diastole is the period between
contractions where the myocardium relaxes, allowing the heart
chambers to refill with blood.
1.1 Coronary Flow Alteration
Intramyocardial pressure (IMP) is defined as "the hydrostatic
pressure in the soft tissue surrounding the myocardial
fibers" [1].
Intramyocardial pressure surrounding peripheral coronary blood
vessels may rise markedly during systole. If IMP exceeds vascular
perfusion pressure, compliant intramyocardial blood vessels may be
subject to collapsible tube behavior. Such a situation may alter












FIGURE 1 - Effect of constriction on a blood vessel
(From Arts [1])
upstream and downstream of the collapsed segment. A mechanistic
hypothesis for flow augmentation is depicted in Figure 1. The
constriction plus normal forward flow results in low blood inflow
and high blood outflow, as shown. If the difference between
outflow and inflow is great enough, an interruption of blood flow
to the tissue may occur. This interruption of flow reduces
delivered oxygen to the tissue, defined as ischemia, and may be a
contributing factor in the pathogenesis of myocardial infarction
[24].
1.2 Collapsible Tube Flow
Transmural pressure, PTM, is defined as the difference between
the internal and external pressures of a tube segment.
Pjm'P-P* (!)
If the external pressure exceeds the internal pressure, transmural
pressure becomes negative and tube collapse may occur. Collapse
may be partial or complete and is defined as any condition between
a (nominally) circular cross-section and total closure. Regardless
of the degree of collapse, pressure-flow relationships are
affected. Likewise, if transmural pressure becomes positive, the
tube may become distended and pressure-flow relationships are again
affected.
1.3 Physiological Application
- The Starling Resistor
Blood flow in a coronary vessel is analogous to a collapsible
tube segment carrying an incompressible fluid, for example water,
with an external pressure supplied to mimic IMP. Any vessel which
undergoes collapse is characterized as a "Starling resistor",
taking its name from E.H. Starling. He first utilized a collapsible
tube segment suspended between rigid tubes in a pressure-controlled
compartment in his heart-lung experiments [30]. Since that time,
many experiments have been performed on some variation of his
apparatus, investigating many aspects of pressure-flow
relationships. These include experiments looking at general
pressure-flow relationships [14], self-excited oscillations [2,26]
and their link to choking [3], high [39] and low [38] Reynolds
number flow, fluctuating upstream pressure [36], oscillatory
external pressure [56], branching tubes [15], thick-walled tubes
[5], microtubes [49], the effect of wall thickness and strain [4],
the effects of tube diameter, length, tension, and of fluid
viscosity [37], and the application of collapsible tube flow to
cardiac assist devices [34]. In addition, physiological canine
experiments are often performed to investigate pressure-flow
relationships [8, 9, 12 , 13 , 24, 26, 35, 51, 57] . Other investigators have
utilized rats [50], rabbits [31], and cats [23].
The earliest mathematical model of flow through a collapsible
tube was referred to as the "waterfall
model"
by Permutt and Riley
[41]. They postulated that when a vessel is partially collapsed,
the flow through that vessel is independent of outflow pressure,
just as flow over a waterfall is independent of waterfall height.
Many diversified mathematical models have since emerged, each
trying to model the many complicated facets of collapsible tube
phenomenon. Investigators have looked at unidimensional steady
flow [7], stenotic collapsible tubes [32], flow limitation [43],
the filling of a partially collapsed tube [27], post buckling
behavior of elastic tubes [21], time-dependent blood perfusion [6],
skeletal muscle microcirculation [33], branching tubes with
stenoses [44], steady and nonsteady flow in pulmonary airways [29],
nonlinear elastic response of large arteries [17], tube
oscillations in a separated flow model [11], the development of a
nonlinear wave equation [54], flow in the fully dilated coronary
vasculature [10], forced expiration [19], and the development of a
tube law for the bronchial airways [18]. Algebraic manipulation of
equations [46], finite differencing schemes [20,40], finite
elements methods [42], electrical analog models [52,53], Windkessel
model [55],
fourth-
and fifth-power laws [58], and iterative
processes [47] have all been employed to solve the resulting
equations.
Although the main emphasis on collapsible tube phenomenon has
been biomedical, this phenomenon is also present in submarine and
aeronautical hydraulic systems, among others.
1.4 Summary of Intent
The object of this investigation is to mathematically model a
single collapsible tube segment perfused with water and subject to
a constant external pressure. Once simplified modeling is
successful, nonlinear components can
be introduced, and the results
compared to the published experimental data of Lyon [37]. With
good comparison between experimental and mathematical results,
external pressure can be implemented in a time-varying manner,
which is consistent with coronary flow alteration.
2.0 LITERATURE REVIEW
Many articles have been published that investigate the
pressure-flow relationships of collapsible tube flow, and several
pertinent experimental and mathematical studies are presented here.
2.1 Conrad [14]
One of the earliest experimental investigations of steady and
non-steady flow was performed by Conrad [14] using what has since
become the standard apparatus for such analyses, as depicted in
Figure 2. A collapsible tube, typically Penrose (latex) tubing, is
suspended in an airtight box between rigid tubes. The pressure
inside the airtight box (external pressure) , Pe, can be modified
during experimentation. Pressures upstream and downstream of the
collapsible tube, Pj and P0 respectively, are measured, as is the
fluid flow rate, Q, through the tube. Resistances are often applied
by clamping a segment of tubing spliced into the rigid inlet (Rj)
and outlet (R2) sections of the collapsible tube.
Experiments were conducted by varying flow while keeping the
external pressure and downstream resistance constant. The
variation in flow was produced by either modifying the upstream
resistance, or by utilizing a variable speed piston pump. Upstream
and downstream pressures were allowed to vary freely.
A general characterization of the pressure-flow relationship
of Conrad's Starling resistor subject to constant external pressure




FIGURE 2 - Typical collapsible tube experimental apparatus
(From Conrad [14])
FIGURE 3 - Characterization of the pressure-flow
relationship of the Starling resistor when















FIGURE 4 - Characteristic pressure-flow relationship
(From Conrad [14])
collapsed with a high resistance to flow. Compliance is defined as
the ability to undergo changes in cross-sectional shape. At
collapse, tube compliance is at a maximum because changes in volume
are made by bending the tube walls rather than stretching them. As
flow rate increases, the collapsed tube transforms its cross-
section from a dumbbell shape (with opposite sides in contact)
towards a more elliptical cross-section (see Figure 10) . As Pe
increases, the slope of the pressure-flow relation in Region II




In Region II, P; > Pe > Pc, the partially collapsed tube alters
its cross-section from an ellipse to its original circular shape.
The negative slope in Region II indicates that driving pressure (P;
-
P0) decreases with increased flow rate. This "negative resistance
region" indicates the collapsible tube is analogous to an
electrical flow-controlled nonlinear resistance (QNLR) and is thus
similar in operation to tunnel diodes and other "negative
resistance"
systems [14]. However, if Pe is held constant while P0
is allowed to vary, transmural pressure changes, so the conclusion
of a "negative
resistance" is merely a product of Conrad's
experimental methodology [37].
The sharp transition point between Region II and Region III
was referred to as the valley point (VP) . Here P0 is approximately
equal to Pe and the tube has its original cross-sectional shape and
area.
In Region III, Pj > P0 > Pe, the tube is distended, and flow is
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similar to Poiseuille flow through a rigid tube. Thus tube
characteristics play a limited role in the pressure-flow
relationships in this region. The tube inflation stiffness is much
greater than the tube collapse (bending) stiffness, as depicted by
the tube law (see Figure 10) .
Flow for the entire experiment is assumed to be laminar, since
the approximate Reynolds numbers never exceed 2000.
Self-excited oscillations occur in Region II of the curve
depicted in Figure 3. Here Pe is sufficiently greater than P to
cause an instantaneous collapse of a segment of the tube. This
collapse occurs towards the distal end of the tube, cutting fluid
flow out of the tube. Continued flow into the tube thus increases
the internal pressure until it is great enough to overcome the
external pressure causing collapse. The collapsed segment opens,
and allows fluid to flow out of the tube. This loss of fluid
results in a decrease of pressure and the collapse cycle begins
again. Self-excited oscillations are observed only within Region
II, and are not observed outside this critical region. This
relates to intramyocardial pressure and coronary flow, since flow
conditions analogous to those in Region II may cause self-excited
oscillations in coronary vessels.
Under steady flow conditions at the threshold of oscillation,
a series of pressure vs. flow curves are produced as shown in
Figure 4, where P is defined to be the difference between upstream
and downstream pressure. Here, external pressure is proportional
to the constant 'k'. The value of
'k' depends on fluid viscosity,
11
and represents the energy loss for the downstream resistance.
These curves indicate that as external pressure of the tube
increases for any given flow rate, the difference between upstream
and downstream pressures increases. Self-excited oscillations are
observable in the region of negative slope (Region II) of all
curves .
If flow rate is progressively increased, the pressure
difference varies linearly in Region III with flow rate. What may
seem counterintuitive is that once the valley point of the curves
is surpassed, the pressure difference settles out to the same
numerical value, regardless of the external pressure. This is
related to the increased tube inflation stiffness.
Tube collapse can occur when transmural pressure reaches a
'critical'
value [37]. This critical value is dependent upon tube
characteristics, such as the elasticity of the wall, tube length to
diameter ratio, and tube diameter to wall thickness ratio.
Conrad used the self-excited oscillations as well as forced
oscillations to examine nonsteady flow. When the operating point
of the apparatus was in aforementioned Region II but the tube was
not oscillating, a compliant structure was inserted between the
tube and the outflow resistance to produce oscillations. This
compliance, in effect, isolated the downstream circuit from the
collapsible tube.
An oscillation build up, which is the gradual increase in the
oscillation amplitude, was obtained by varying either the upstream
or downstream resistance until the oscillations stopped.
Self-
12
excited oscillations could then be restored if the resistance was
returned to the original state. Conrad observed that as the flow
rate increased through Region II, the period of oscillation
increased, the build up was more rapid, and the oscillations became
more nonsinusoidal. in addition, as the downstream resistance was
increased, a higher flow rate was required before oscillations were
observed, analogous to increased venous resistance.
2.2 Lyon [37]
Extensive experiments on an apparatus similar to that of
Figure 2 were studied in an attempt to verify and unify seemingly
conflicting observed data trends. Of particular interest were the
effects of outflow resistance, tube length, fluid viscosity, tube
diameter and applied tension on pressure-flow relationships.
Pressure-flow relationships for Penrose tubing are graphically
depicted in Figure 5. Minimal outflow resistance and constant
pressure differences between Pe and P0 are shown. In Figure 5,
three phases of the pressure-flow relationships can be seen.
First, there exists an initial rising phase at low flow rates,




P0 at moderate flow
rates, and finally a late rising phase at high flow rates. Using a
series of these relationships, a three-dimensional surface of
pressure-flow relationships can be generated (Figure 6) . When
downstream pressure exceeds external pressure, the fully distended
tube behaves as a rigid tube, exhibiting a linear relationship



























































































pressure loss along the length of the tube (ie. Pj
-
P) is greater
than the external pressure. However, whenever external pressure
exceeds either the downstream pressure or the pressure loss along
the length of the tube, a nonlinear relationship between pressure
and flow develops. The dashed line cutting across the surface is
obtained when Pe, rather than Pe
-
P, is held constant and outflow
resistance is high. This dashed pressure-flow relationship is
identical to the curves produced by Conrad [14] (Figure 3).
2.2.1 Penrose Tubing Observations
Many observations can be made using the data of Figure 5, as
well as tabulated results. In particular:




2. For a given flow rate, increasing outflow resistance, R0,
caused P0 to increase and P;
-
P0 to decrease.
3 . Increasing the length of the tube increased the slope of
initial rising phase of the pressure-flow curves.
4. Decreasing the diameter decreased the flow rate at which
the three phases occurred.
5. Longitudinal stretching of the tubing, which produced
tension in the tube wall, decreased the slope of the
early rising phase, but
increased the slope of the late
rising phase.
6. Both the initial slope and the length of the plateau




7. Higher viscosity fluids produced pressure-flow
relationships closer to that of the waterfall model. (See
below. )
8. Oscillations appeared at the beginning of the plateau
phase and increased in pressure amplitude as flow
increased, and the magnitude of the late rising phase was
proportional to the pressure amplitude of the
oscillations.
9. The frequency of oscillation increased with flow rate,
which agrees with Conrad's findings.
10. With Pe
-
P0 held constant, outflow resistance decreases
the frequency and amplitude of self-excited oscillations,
thereby decreasing the slope of the late rising phase.
11. Tension increased the pressure amplitude of the
oscillations.
12. Stretch (combined tension and increased tube length)
produced fairly inconsistent results. An analysis of
variance proved that the pressure amplitude of the
oscillations was always greater in stretched tubing
than in unstretched tubing.
2.2.2 Waterfall Analog
The three-dimensional surface shown in Figure 7 illustrates
the pressure-flow relationship predicted by the vascular waterfall
model. Comparing this surface to the one generated from Penrose
















































predicting (latex) tube phenomena. The vascular waterfall model
does not depict either the initial rising phase or the late rising
phase of Lyon's experimental data (Figure 5).
2.3 Lyon, et al. [38]
These experiments determined if pressure-flow relationships
from the Starling resistor model resemble those of the waterfall
model for low Reynolds number flow (F^ < 2000) , consistent with the
microcirculation. Fluids of different viscosities (0.01, 0.5, 10.0
stoke) were used to vary the Reynolds number in the standard
physical model (Figure 2) to approach the microcirculation's





where W is the collected fluid weight and T is the elapsed time.
Accuracy of these readings was given to be 5%.
Pressures were recorded in the rigid tubes, upstream and
downstream of the collapsible tube (Figure 2) . Since the actual
pressures of interest were those at either end of the collapsible
tube segment, inflow and outflow pressures were corrected using the







Pi = measured upstream pressure
P0 = measured downstream pressure
Lp
- distance from collapsible tube to respective port
d = inner diameter of rigid tube
A difference of less than 10% between the experimental pressure
loss and theoretical pressure loss was obtained for both the 0.5-
stoke fluid and the 10.0-stoke fluid.
Reynolds number was calculated as:
R.
= ^f (4)
where p is fluid density, and n is fluid viscosity, and a low flow
rate was produced by varying the upstream resistance (Figure 2) .
Pressure inside the air-tight box was adjusted to yield a constant,
predetermined value for Pe
- P0. After the system stabilized,
pressures, times and weights were recorded. The flow was then
increased, and Pe was once again adjusted to maintain the same value
for Pe
- P. This produced a family of curves indicating the
variance of Pj
-
P0 with Q (Figure 5) .
For the collapsible tube perfused with water (0.01 stoke) , the
representative graph of the pressure-flow relationships indicated
an initial rising phase, during which the tube's appearance changed
20
from a flattened dumbbell shape to fully distended. This shape
change resulted in a non-linear pressure-flow relationship. The
larger the constant value of Pe
-
P, the sharper this initial
phase. The curves then moved into a plateau region, where
self-
excited oscillations began. The frequency of these oscillations
increased as the flow rate increased. The tube was fully distended
in this region and produced a linear pressure-flow relationship,




Reynolds number for these curves reached a maximum of 2000 for
Q = 20 ml/sec.
When a 0.5-stoke fluid was utilized in the same manner, the
curves produced were similar in nature, with an initial rising
phase and a plateau region. However, the initial rising phase was
much sharper. In addition, the self-excited oscillations began at
a higher flow rate and occurred with a lower oscillatory pressure
amplitude than with the water perfusion experiments. For this
fluid, the maximum Reynolds number was approximately 40.
Perfusion with a 10.0-stoke fluid produced curves (Figure 8)
radically different from those previously discussed, since there
existed no initial rising phase and no plateau. Instead, the
results produced straight lines whose y-intercepts (P;
-
P0) were
equivalent to the constant Pe
- P0. The slopes of these lines were
slightly larger than the values
calculated from Poiseuille's Law.
No oscillations were observed, and the maximum Reynolds number for
this fluid was 2.
Although a Reynolds number of 0.01 was not achieved, these
21
R-Po-
FIGURE 8 - Pressure-flow relationship for 10.0 stoke
fluid (From Lyon [38])
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data suggest that the waterfall model is applicable in very low
Reynolds number flow. Here, collapsible tube properties, tube
size, and method of mounting seem to be secondary factors.
Self-
excited oscillations diminish to zero as the Reynolds number
decreases, and pressure-flow relationships are distinctly different
for low and high Reynolds number flow. Therefore, results from
various investigations should not be randomly applied to other
experiments or hypotheses until Reynolds number compatibility has
been confirmed.
2.4 Lyon, et al. [39]
High Reynolds number flow (Re > 2000) was investigated to
further examine the effects of tubing diameter, length, tension,
and stretch of the collapsible tube segment on the pressure-flow
relationships. The apparatus used was very similar to the one
discussed above, but incorporated a flow meter to more accurately
determine flow rate.
High Reynolds number flow (without incorporating any other
variables) produces pressure-flow graphs similar to earlier water
perfusion experiments (Figure 5) where an initial sharp rising
phase is followed by a plateau region. However, for high Reynolds
number flow, a late rising phase occurs at flow rates greater than
20 ml/sec. The slope of this late rising phase is much less than
the initial rising phase, and occurs at higher flow rates for
higher Pe
- P0. As in the previous experiment [38], self-excited
oscillations occur during the plateau phase, but the amplitude of
23
the pressure fluctuations caused by the oscillations increases
during the late rising phase. The maximum Reynolds number was
6000 at a flow rate of 60 ml/sec.
Increasing the outflow resistance (via use of a clamp on latex
tubing) increases all pressure measurements, decreases the slope of
the late rising phase, reduces the frequency of the self-excited
oscillations, and reduces the pressure amplitude of the
oscillations. The use of increased outflow resistance also serves
to prolong the plateau stage.
To examine the effect of tube diameter on pressure-flow
relationships, water perfused two collapsible tube segments, one
twice the diameter of the other. Comparison of pressure-flow
relations shows that diameter reduction increases the slope of the
initial rising phase, and shifts the start of the plateau phase to
lower flow rates, as depicted in Figure 9. Self-excited
oscillations initiate at the beginning of the plateau phase and
continue as the flow rate increases for both diameters, but the
late rising phase begins at a lower flow rate for reduced diameter.
The maximum Reynolds number for this smaller diameter tube was
4000.
The effects of longitudinal tension and the effects of changes
in vessel length were investigated separately and then jointly. To
investigate longitudinal tension, the distance between the rigid
tubes to which the collapsible segment was mounted was kept
constant while the tube was mounted at various tension levels.
This produced an "applied
tension"
to the collapsible segment,
24
cc/ sec
FIGURE 9 - Pressure-flow relationship for 0.635 cm diameter
tubing (From Lyon [39])
which decreases the slope of the initial rising phase but increases
the slope of the late rising phase. This tension also increases
the pressure amplitude of the oscillations while slightly
decreasing their frequency.
To investigate the effect of changes in vessel length, the
distance between the rigid tubes was varied, as was the length of
the collapsible segment, so no "applied
tension"
was present. The
results obtained for these experiments do not indicate any clear
trends. For a high flow rate, as the length of the collapsible
tube segment increases, the frequency and pressure amplitude of
oscillation increases and then decreases. In addition, the effect
on the three phases of the pressure-flow relationships is variable.
To examine the combined effect of "applied
tension"
and
changes in vessel length, which has been defined as stretch, a
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collapsible tube segment of fixed length was attached to the rigid
mounts with no applied tension. The distance between these mounts
was then gradually increased, producing both increased tension and
length. The results show that the effects of tension and length
are not additive. A statistical analysis of the data indicates
that stretch increases the pressure amplitude of the oscillations,
but has a variable effect on the frequency of oscillation.
In general, these experiments show that the amplitude of the
oscillations increases when flow, tension, and/or stretch increase,
and these parameters had varying effects on the frequency of
oscillation. It is also determined that the pressure-flow
relationships of collapsible tubes for high Reynolds number flow
are greatly affected by instabilities such as oscillatory
phenomenon and high pressure gradients. Longitudinal tension and
stretch increase these instabilities, while increased diameter,
length and outflow pressure decrease these instabilities.
2.5 Low and Chew [36]
The effects of upstream pressure fluctuations on the pressure-
flow relationships in collapsible tubes were examined using an
experimental apparatus similar to that of Lyon, et al. [38,39], The
downstream pressure P0 was gradually reduced while the upstream mean
pressure was fixed. A piston-type pulsatile pump was used to
obtain the fluctuating component of P;, although the upstream
pressure amplitude and frequency were maintained at a constant
value for each set of results. Upstream pressure fluctuations were
26
on the order of 1250 Pa.
The following dimensionless parameters are defined to aid in
results presentation:











where E is the Young's Modulus of the collapsible tube, H is the
tube wall thickness, v is Poisson's ratio, D0 is the nominal
diameter of the collapsible tube, Aq is the nominal cross-sectional
area of the tube, A is the altered cross-sectional area of the
tube, and n (approximated to be 1.5) is the tube law index (see
Figure 10) .
Generally, the tube wall begins to oscillate when the
downstream transmural pressure approaches zero. With a steady
upstream pressure, the oscillations are in the traverse direction.
However, with a fluctuating upstream pressure the oscillations also
have an axial component superposed on the traverse oscillations.
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Even when the tube reaches the collapsed state and the traverse
oscillations cease, the axial oscillations continue.
When the upstream pressure fluctuates, the downstream pressure
fluctuates as well albeit out of phase by approximately 45.
Decreasing the flow rate to produce a fully collapsed tube reduces
the amplitude of the downstream pressure waves. However, the
frequency of the downstream waves remains the same as the upstream
pressure waves, with a small component of a higher harmonic
present.
Steady upstream pressure and gradual reduction of downstream
pressure allows the flow rate to initially increase, then reach an
asymptotic value which remains independent of downstream pressure,
indicative of flow-limitation (choked flow) .
Tube collapse occurs when (Pj
-
Pe) /K,, is approximately zero,
as expected. Compared to steady upstream pressure conditions, the
pressure fluctuations cause the flow limitation to occur at higher
values of (P0
-
Pe) /Kp and lowers the maximum flow rate. This
maximum flow rate decreases as Pe increases.
Speculation is made that the fluctuating upstream pressure
gives rise to a fluctuating transmural pressure throughout the
collapsible tube segment, producing an instantaneous negative
transmural pressure which triggers tube collapse. Tube collapse
may therefore occur more readily
with unsteady flow conditions.
This is an area of interest to physiologists studying coronary
blood flow, since unsteady flow conditions may be present in
coronary flow and resulting
vessel collapse may lead to ischemia.
28
Quasi-steady flow was considered, characterized by a reduced
velocity parameter, u/ (/L) . This parameter is the ratio of the
time for the fluid to convect along the tube vs. the period of
oscillation (1/f ) . A large reduced velocity, usually greater than
10, indicates quasi-steady flow. Calculations show that
quasi-
steady behavior may indeed occur, but should be expected only at
the throat where the effective radius is very small. The results,
however, do not indicate the presence of quasi-steady flow.
Low and Chew concluded that increasing the amplitude or
frequency of the fluctuating upstream pressure reduces the mean
value of the maximum flow rate, and the quasi-steady considerations
may not be applicable even if the reduced velocity at the throat is
high. This implies that increasing the rate of the cardiac cycle
actually decreases the rate of blood flow through a collapsible
blood vessel.
2.6 Shapiro [46]
One of the earliest mathematical models utilized two coupled
partial differential equations and an algebraic equation to look at
one-dimensional, unsteady inviscid flows in a compliant tube.





p dx dt dx
K '
where P is the pressure of the flowing fluid, u is fluid velocity,
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and x is longitudinal distance along the tube.
The continuity equation for incompressible fluids in a
compliant tube is:
|J + J-Uu)- 0 (8)
at dx
The final equation necessary to completely define the system,
commonly referred to as the tube law, relates transmural pressure
to the cross-sectional area of the tube, where A = A(P-Pe) .ratio,
a = A/Aq. Figure 10 shows a typical graphical representation of the
tube law utilized by various mathematical models. Although neither
mathematical formula shown in Figure 10 predicts the tube behavior






For positive dimensionless transmural pressure, P*TM (defined as
(p in Figure 10) , the tube is distended (a>l) and the pressure
difference is supported by hoop tension. For negative
dimensionless transmural pressure, however, the tube is in some
state of collapse (a<l) , the severity of which increases with
decreasing transmural pressure.






FIGURE 10 - Tube law for Penrose (latex) tubing
(From Shapiro [46])
collapsed state is supported by the bending stiffness of the tube
wall. Note the highly nonlinear nature of the tube law and the
existence of an transition point at a=l. The behavior of the tube
law near zero transmural pressure (a=l) is dependent on whether the
tube is truly round in the unstressed state.





p dA p dA
(H)
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Incorporating the tube law (Eq. 9) into the above equation, the





The important dimensionless parameter for flow through a
compliant tube is the speed index, S, analogous to the Mach number
of compressible flows. This speed index is defined as the ratio of
fluid velocity to wave speed, or
S = - (13)
Flow is defined as either subcritical (S<1) or supercritical (S>1) ,
and at S=l, flow limitation (choking) occurs.
Wall friction stress was also considered in this analysis, and
was incorporated into the momentum equation. For fully-developed
turbulent flow, the turbulent skin friction coefficient, fT, is
defined in terms of the wall shear stress, tw, as:
*-/,-* (">
Thus, the wall friction force per unit cross-sectional area, acting
in the length dx is expressed as:
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?w s dx nr
2
4fT dx (15)
where s is the perimeter of the tube, and De, the equivalent





For fully developed laminar flow, the laminar friction coefficient,




thus producing the following equation for wall force per unit
cross-sectional area, acting in the length dx:
tw s dx pu 4fL dx
*>e De
(18)





s dx - pgA dz = pAu du =
pAu2
(19)
where z is elevation and g is gravitational force. Substitution is
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made for tw with Eq. 15 or Eq. 18 for turbulent or laminar flow,
respectively.
Shapiro's analysis is through algebraic manipulation of the
above equations, and investigates how certain parameters vary with
respect to other parameters. His observations are summarized here:
1. As Pe increases, both A and P decrease in subcritical flow,
but increase in supercritical flow.
2 . Friction causes A to decrease in subcritical flow and to
increase in supercritical flow.
3. Friction produces a pressure rise in supercritical flow and
a velocity increase in subcritical flow.
4. Friction always reduces the stagnation pressure.
5. If the nominal tube area increases along the length of the
tube, then the area A and the area ratio a both increase in
subcritical flow but decrease in supercritical flow.
In addition, Shapiro investigated shock waves. His simple
description of a wave is that a rapid area increase causes flow
separation and a jetlike flow which passes through an eddying
region. The flow then gradually refills the passage until the flow
becomes uniform again. The viscous losses associated with the
eddies and the passage filling are the dissipative mechanisms
producing stationary waves.
Associated head losses depend on the
shape of the divergent section. This shape is influenced by the
longitudinal tension and curvature of the wall, and the structural
mechanics of the wall are coupled to the pressure distribution
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produced by the flow. This may have impact on flow into and out of
a collapsed segment suspended from rigid supports.
Algebraic manipulation of equations utilizing the







where the ratio between the inlet and outlet area ratios is
expressed as j8 = a,/a2, and n is an arbitrary constant. The outlet
speed index is expressed as:
S2
= -* = -1 -=-! (21)
c2 V1 cx c2
where V; is the speed of the wave relative to the fluid into which
it is advancing (ie. a speed differential) . Given the above







The following are Shapiro's
observations:
1. For n = 1 : S, > 1 and S2
= 1
2. For n = 2 : S, > 1 and S2
= S,
3. For n = 1.5 : S, > 1 and S2
> 1 (but S1 * S2)
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He also suggested that if S2 > 1, there can be multiple
shocks with
S2 never becoming less than unity. However, the
combination of two
shocks is not equivalent to a single larger shock. This may be the
qualitative results of a sharp or pseudosharp
transition through a
stenosis.
Although not directly related to the present investigation,
Shapiro examined another aspect of collapsible tube flow. He
looked at flow with combined friction and gravity, and defined
the















where 0 is the angle of decline.
this analysis:
1. For Sk < l:
A. When S > Sto
B. When S < S
The following are the results of
|jm
:S goes toward unity; choking
ultimately occurs
:S goes toward zero; no choking
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2. For S^ = 1:
A. When S < l
B. When S > 1
3. For Sj,, > 1:
A. When S > S
lim
B. When 1 < S < S lim
C. When S < 1
:S goes away from unity; no
choking
:S goes toward unity; smooth
transition from subcritical to
supercritical flow rather than
choking
:S decreases asymptotically to
S^; no choking





The basic conclusions from this are:
- When S < S^, gravity dominates and S goes away from unity
- When S > S^, friction dominates and S goes toward unity
2.7 Ku, et al. [32]
Using a mathematical model, one-dimensional steady inviscid
flow through a compliant tube with a stenosis is investigated. A
stenosis is defined as the abnormal narrowing of a passage or
opening, such as atherosclerotic plaque. In this study, coupled
equations of steady, incompressible, and inviscid flow through
collapsible tubes adapted from Shapiro [46] and Elad, et al. [16]










The final form of the coupled equations solved using a fourth-order



















where M is defined as:









and P*TM, the dimensionless transmural pressure difference is
defined by the tube law as:
p*= ^^ - a"1 " ""2 (3)
kp
The area ratio, a, and tube stiffness factor, Kp, are defined as in
Eqs. 10 and 5 respectively, and n, and n2 are numerical constants,
chosen by the authors to be 20 and 1.5, respectively. Equation 30
differs from Equation 9 in that the addition of
anl
allows for a
smooth transition through a=l.
A solution is possible when there is a smooth transition from
subcritical (S<1) to supercritical (S>1) flow at the throat of the
stenosis, and the flow rate for this solution is called the
"critical flow".
The local wave speed of small disturbance, c, is defined as:
c2=-f <31>
p dA
Once a(x) and S(x) have been determined, the values for u(x), c(x) ,
and P(x) can be determined.
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The shape of the stenosis is modeled using the following:
-p- = l-^sitff'^^.M (32)
,
(xa~*i>
where A^ is the nominal inlet tube area, XA is the reduction of the
stenosis, x is the length coordinate, and x, and x2 are the
end-
points of the stenosis.




'* = i-XKsin f
*
{X'^ ) (33)
where K^ is the inlet stiffness,
and X^ is the amplitude of the
stiffness perturbation. If X^ is positive, the stenosis is less
stiff than the inlet tube; if XKp is negative, the stenosis is
stiffer than the inlet tube; if X^ is zero, the stiffness is
constant.
The inlet and outlet pressures of the tube can be varied to
simulate various physiological conditions, but the external
pressure is held constant at zero so that the transmural pressure
is the internal pressure of the tube.
The first investigation was of a system with constant
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stiffness (X^, = 0) . For a 90% stenosis by area, the speed index,
S, varies greatly along the length of the stenosis. It increases
above its inlet value as the distance to the throat of the stenosis
is approached. This is due to the simultaneous fall in wave speed,
c, from the decreasing tube radius and a rise in fluid velocity, u,
from conservation of mass. At the throat, S=l, and a smooth
transition to supercritical flow causes the tube to collapse
downstream of the throat. The wave speed in the collapsed segment
is very low, producing a very high speed index. The fluid velocity
in this segment remains relatively constant. The static pressure
along the stenosis varies due to the acceleration of fluid in the
throat. At the point of minimum pressure, there is a rapid
transition from supercritical to subcritical flow. This is defined
as an elastic jump, and it is the only mechanism of significant
energy dissipation in the inviscid solution, resulting in the
sudden expansion of the tube. It was determined that for a given
set of critical flow stenosis conditions, a at the throat is
governed mainly by the inlet pressure.
Next, different degrees of stenosis were investigated. The
results are summarized here:
1. As the degree of stenosis increases, the critical flow
rate decreases and the length of tube subject to collapse
is shortened. The location of the elastic jump is also
affected by the severity of the stenosis.
2. Doubling the length of the
stenosis doubles the length of
the collapsed segment.
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3 . Increasing the outlet pressure moves the point of
collapse upstream, and decreases the collapse length.
However, if the outlet pressure becomes too great, a
solution with S=l in the throat does not exist.
Conversely, if the outlet pressure is too low, no jump
occurs and the tube remains in the collapsed state,
unless some other force (such as longitudinal tension or
tethering) is applied to cause the tube to expand.
4. Increasing the inlet pressure increases the critical flow
rate and moves the elastic jump downstream.
The effects of increasing the stenosis stiffness were then
investigated. It was discovered that as the stiffness of the
stenosis increases:
1. the critical flow value decreases
2. the maximum value for the speed index, S, decreases
3 . the minimum area in the collapsed segment decreases
4. the length of the collapsed segment decreases
5. the area ratio, a, at the throat decreases
6. the pressure at the throat decreases
Finally, the importance of the variables used in the tube law
were examined by varying Kp, n,, and n2. Increasing nj produces a
highly distensible tube law, and
moves the onset of collapse and
the elastic jump slightly downstream. Doubling or halving Kp
produces less than 0.1% change in critical flow rate or length of
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collapse. Critical flow and length of collapse are altered by
roughly 15% by similar variations in n,. These same changes in n2
do not affect the critical flow rate, but change the length of
collapse by approximately 5%. These fairly insignificant
variations suggest that the model is well adapted for most arterial
segments .
2.8 Siebes and D'Argenio [47]
Pulsatile flow through a partially collapsible tube with a
stenosis, subject only to positive transmural pressure was
mathematically modeled. Three severities of area reduction (50%,
80%, and 90%) with four degrees of flexible wall (0, 1/4, 1/3, and
1/2 of the circumference) were used to model the stenoses. These
variables produce stenoses shapes that ranged from rigid and
concentric to highly flexible and eccentric.
This model assumes that the pressure-flow relationship is
essentially linear over a wide range of flow rates, and that the
instantaneous distal resistance remains constant regardless of the
stenosis modeled. The flow is assumed to be fully-developed,
quasi-steady, and laminar; the fluid is assumed to be
incompressible and Newtonian; the system is assumed to be free of
capacitive and inductive elements, thus containing only resistive
elements.
The vessel circumference is divided into two portions, a
flexible portion, Cex, and a rigid portion, Cflx. The area of the
plaque (stenosis) , Ap,, is assumed fixed and is determined by the
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'flex
severity of the stenosis modeled, as shown above. The total
potential luminal area, A^, defined as the internal cross-sectional
area of the tube, is given by:
pot




The remaining luminal area at the stenosis location is thus:
~
APot A'pi (35)
The hydraulic diameter is used for all calculations since the







where Cphlg is the wetted rigid part of the stenosis modeled and is
determined by the severity of the stenosis modeled.
Total pressure loss is divided into three sections, the first
between the inlet pressure port and the stenosis, the second over
the stenosis, and the last from the stenosis to the outlet pressure
port. The pressure losses in the first and third sections are
assumed small and are calculated as Poiseuille losses for the whole
length of the section. However, since the pressure loss along the
stenosis is expected to be significant, this segment is divided
into thirteen sections to compute the pressure loss. The remaining
intraluminal pressure at the end of each increment, Pk, is
calculated by subtracting the viscous and kinetic losses from the
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Since intraluminal distending pressure is lost as flow passes
through the vessel, the stenotic area, A,^, is at a minimum at the
end of the stenosis. This area is used to calculate the overall










where the subscript 'prox' denotes proximal to the stenosis, and
the subscript 'dist' denotes distal to the stenosis. The terms 1^
and k, represent the viscous and turbulent loss coefficients,




















In the above equations, L,^, is the stenotic length at the separation
point. Although an exact definition is not given for this length,
it is assumed that L,^ is the length
from the stenosis to the flow
separation point. The flow separation point is the location within
the fluid where the fluid layers contiguous to the tube wall come
to rest and the remaining fluid
layers continue to flow, thus
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producing a separation of flow [22].
An iterative process is utilized to find the maximum
achievable flow rate through a given stenosis, the total pressure
loss, the downstream intraluminal pressure, and the geometric
changes along the stenotic vessel. The results of this study are
best summarized as follows:
1. Mean flow rate decreases with increasing stenosis
severity and with increasing degree of flexible wall
circumference, while the respective pressure losses
increase.
2 . Exit losses dominate over viscous losses for the rigid
models, but the reverse is true for the more compliant
models.
3. Upon comparison of the calculated results with previously
performed experiments [48], the mean flow rate and pressure
drop are predicted within 13% of the experimental
values.
Siebes and D'Argenio concluded that utilizing the properties
of the latex tubing produced most of the discrepancies between
calculated and experimental results. Unlike the linearly elastic
properties of the (distended) latex tubing, the arterial wall, with
its highly nonlinear nature, becomes progressively more compliant
at lower (positive) transmural pressure.
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3.0 MATHEMATICAL MODEL 1
3.1 Description of Model l
The first model used to investigate collapsible tube
phenomenon compared a collapsible tube segment to an electrical
R-C-L circuit. Due to the variations in area, the tube has
resistance; due to the flexible walls, the tube has capacitance;
due to the inertial properties of the conveyed fluid, the system
has inductance.
In a collapsible tube, the resistance is a function of fluid





where /z is fluid viscosity and L is the length of the tube. This
is the Hagen-Poiseuille relationship, using tube area, A, instead
of tube diameter since the shape of the tube is not circular once
collapse begins. In addition, the dynamic pressure associated with
the kinetic energy of the fluid is incorporated into the model as










where p is fluid density, and A0 and A; are tube inlet and outlet
area, respectively. Note that for a rigid tube, where A^ = A0, the
above equation goes to zero.
Upstream and downstream resistances, equivalent to Rj and R2 of
Figure 2, will be referred to as R^ and R^.




where A(x) is the cross-sectional area at a longitudinal distance
x in the tube. For tube segments where the inlet and outlet areas





= %(&> + AJ of each segment.
For constant resistance and inductance, a constant area of Aq
was utilized in Eq. 41 and Eq. 44. When nonlinearities were to be
included, the tube law (see below) was then incorporated.
Due to the flexibility of the tube segments, fluid capacitance
is an important component of the pressure-volume relationship. In
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where the capacitive value C is defined by the specific system
under consideration. For this modeling, consider the spring-loaded
accumulator shown in Figure 11 as the net effect of tube volume
changes due to wall flexibility. Any increase in volume in the
accumulator (tube wall expansion) must overcome a spring force





~ ^ ^Xp (46)
and
50
V = Aact Ax. (47)
where PTM - p - pe and A is the area the force acts upon> combining
these two equations:










Thus the definition of capacitance becomes:
A
2
C = S- (50)
For a collapsible vessel, the area the force acts upon is the





During any state of collapse when opposing sides of the tube are in
contact, this A.ct is reduced since flow is through two conduits.
However, for the present investigation, this area is assumed
constant, regardless of the state of collapse.
The "spring constant" for a collapsible tube is derived from
the following free body diagram:
Transmural pressure is defined as usual, a is hoop stress, and H is






where Lo, Hj,, and D0 are nominal tube length, wall thickness, and
diameter, respectively.
From Hooke's law:
o = Ee (53)




Therefore, combining Equations 52, 53, and 54 yields:
*
= ^rAD (55)
Since pressure is defined as a force divided by the area it acts










which is analogous to the force equation (Eq. 46) of the
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Model 1 nomenclature
BACK
Using these definitions and assuming a lumped-parameter
philosophy, the collapsible
tube can be divided into any number of
tube segments, each segment having the above properties.
Nomenclature for this model is shown above. With the exception of
the two end segments, all of the segments will
have the same
defining equations for the
pressure-flow relationship. The end
segments differ only because
the tube is attached to a rigid tube
at either end and is thus held
open.
Bond graph theory [45] was utilized
to determine the governing
coupled differential
equations of this system. For each segment of
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where RT is the sum of the viscous and Bernoulli resistances. The
complete bond graph for this system is provided in APPENDIX A.
Using this as the basis for the model, the following governing
equations resulted:
___^ = v. - Hi* - Ul (59)
^-''-^i*-'*-^
Energy state variables, M
and V, represent fluid momentum and tube
volume, respectively,
and V0 is nominal tube segment volume. In
addition, the
standard tube law (Figure 10) was utilized in
equation form. For the collapsed
states:
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For the distended states, a linear relationship adapted from Siebes
and D'Argenio [47] was utilized:
D - D0 = 0.000634P.TM (63)
where 0.000634 is the slope of the pressure-diameter relationship.
To incorporate this equation into the mathematical model, it was
redefined in terms of area, and the final form that resulted was:





These equations were solved simultaneously using Advanced
Continuous Simulation Language (ACSL) software, which employed a
second order Runge-Kutta method.
The complete program is provided
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in APPENDIX B. Reynolds number for a flow rate of 10 cc/sec is
less than 1000.
3.2 Results of Model l
Problems incorporating the Bernoulli resistor proved to be
insurmountable in the present study due to numerical instabilities
it produced. Therefore, the resistance that was applied in each
segment was only that which arose from area changes of the tube.
3.2.1 Single Segment Analysis
First, the tube segment was examined in its entirety (ie. as
one element) , with a step flow rate of 10 cc/sec, zero external
pressure, and a downstream resistance of 0.0125 mm Hg/(cc/sec).
This value of downstream resistance was taken from noted rigid tube
resistance in Lyon [37]. Pressure and volume responses for
constant resistance and inductance are shown in Figure 12. Initial
oscillations with a frequency of 3 Hz decay to steady-flow
conditions, with a volume oscillation amplitude less than 1 cc/sec
and pressure oscillation amplitude less than 1 mm Hg.
To analytically verify the accuracy of the model, the natural
frequency and period of oscillation were calculated, with good
agreement between the analytical and mathematical modeled results.
Doing a sensitivity analysis, nonlinear resistance was added,
via incorporation of the tube law, and the results are shown in
Figure 13. Adding this nonlinear resistance acts as a damping
factor, slightly increasing
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FIGURE 12 - Model 1: 1 element pressure and volume time















FIGURE 13 - Model 1: 1 element pressure and volume time












- Model 1: 1 element pressure and volume time
responses for constant resistance and nonlinear
inductance
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amplitude of oscillations. Figure 14 shows the pressure and volume
responses for constant resistance and nonlinear inductance, as
given by Equations 41 and 44, respectively. This nonlinear
inductance acts to truncate early oscillations that occur at
approximately 0.3 seconds, but this anomaly disappears in the later
oscillations. Figure 15 shows the pressure and volume responses
with both nonlinear resistance and nonlinear inductance. Note,
that the nonlinear inductance allows the system to reach steady
state faster than the linear case, as shown by comparing Figures 12
and 13 with Figures 14 and 15. It is evident that the nonlinear
inductance is dominant over the resistance in terms of controlling
the pressure-flow relationships.
To determine the accuracy of Model 1 for predicting collapse
phenomena, comparisons were made with Lyon's [37] experimental
data. Recall that her study showed that as downstream resistance
increased, P;
-
P0 decreased at any given flow rate. This is shown
graphically in Figure 16 and is representative for Pe
-
PQ = 10 mm
Hg. In addition, P0 increased with increasing downstream
resistance. Although Lyon did not provide numerical values for
these resistances, Figure 17 and Figure 18 show qualitative
agreement between Model 1 and Lyon's [37] experimental data for
high flow rates, although the three distinct phases (initial rise,
plateau, and late rise) are not
present. Also, Lyon's data showed
that for a very high outflow resistance, P;
-
P0 remained constant
with increasing flow rate. Although "very
high"
was not
empirically defined, Figure 19












FIGURE 15 - Model 1: 1 element pressure and volume time
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predicts the same response for an estimated outflow resistance of
1.0 mm Hg sec/cm3, but again, only qualitatively. However, note the
re-emergence of the initial rising phase and plateau phase.
A probable explanation for the discrepancy is that the
mathematical model does not allow the difference Pe
-
P0 to be held
at a constant value. Instead, Pe is a set value and P0 varies with
the system. This is also the reason other comparisons to Lyon's
data could not be obtained. Lyon's results were functions of
pressure differences, something that could not be controlled in the
present model. In addition, Lyon's [37] results were obtained on
a trial and error basis; it was necessary to tweak the downstream
resistance to initiate oscillations, thus making exact
determination of a resistive value impossible.
Accepting the model as qualitatively correct, the effect of
input flow rate is shown in Figure 20. This shows that the steady
state volume and internal pressure increase with increasing inlet
flow rate. The amplitudes of the oscillations in pressure and
volume are increased but the frequencies of oscillation are
unaffected when compared to Figure 12 .
Figure 21 shows that, like increasing the flow rate,
increasing the outflow resistance increases the steady state volume
and internal pressure when compared to Figure 12. This increased
outflow resistance also acts as a damping device, and the amplitude
of oscillations is decreased, but the frequency of oscillations is
unaffected.
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FIGURE 20
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FIGURE 21 - Model 1: 1 element effect of increased outflow
resistance
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necessary to utilize nonlinear resistive and inductive elements.
Figure 22 shows the pressure and volume time responses for an
external pressure of 10 mm Hg, with a step input flow rate of 10
cc/sec, and outflow resistance of 0.0125 mm Hg/(cc/sec).
Increased external pressure decreases the steady state volume and
increases the internal pressure (comparison of Figure 22 with
Figure 15) . It also dampens the amplitude of oscillations as well
as the frequency -
Increased external pressure and increased outflow resistance
were then investigated. Both steady state volume and internal
pressure increase negligible amounts (when compared to Figure 22)
with an outflow resistance of 0.025 mm Hg/(cc/sec). Also, the
amplitude and frequency of oscillation appear unaffected, as shown
in Figure 23.
For increased external pressure the final variable perturbed
was flow rate. The outflow resistance was reduced to its original
value (0.0125 mm Hg/ (cc/sec) , and the step input flow rate was
increased to 2 0 cc/sec. The resulting pressure and volume time
responses are shown in Figure 24. Increasing the flow rate
increases both steady state volume and internal pressure (when
compared to Figure 22) . The amplitude and frequency of
oscillations before steady state is achieved are again unaffected.
3.2.2 Multiple Segment Analysis
To further investigate the
pressure and volume time course
data in a collapsible tube, with
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FIGURE 23 - Model 1: 1 element effect of increased outflow
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FIGURE 24 - Model 1: 1 element effect of increased step
input flow rate with increased external
pressure
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excited oscillations, the tube was divided into five sections and
a similar analysis performed. Figure 25 shows that the amplitude
of oscillations due to start-up transients diminish along the
length of the tube (segment 1 to segment 5) and the frequency
becomes slightly out of phase. However, the general pressure and
volume time responses are fairly similar in all five segments of
the tube. For this reason, segment 1 will be used to depict the
pressure and volume time responses for perturbation in resistive
and inductive elements. The relationship produced using constant
resistance and inductance is shown in Figure 26. Pressure and
volume waveforms are no longer simple exponentially decaying
sinusoids, as they were for the one element model. Note the slight
steady state oscillations that indicate interaction between the
elements.
The model was next adapted to include both nonlinear resistive
and inductive elements. Once again, an outflow resistance of
0.0125 mm Hg/ (cc/sec) , and a step input flow rate of 10 cc/sec were
used, but numerical instabilities arose with zero external
pressure, so Pe was set constant to 2 mm Hg. The pressure responses
for both the first and last elements are shown in Figure 27, and
the volume responses are shown in Figure 28. This comparison is
made to show that the amplitude of oscillation increases along the
length of the tube (trace V(l) vs. V(5)). Initially, it appears
that the system is unstable, then suddenly the system reaches
steady state.
There is no obvious reason for the timing of the
onset of steady state, however,
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FIGURE 25
- Model 1: 5 element pressure and volume time










- Model 1: segment 1 pressure-flow relationship
for constant resistance and inductance
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FIGURE 27
- Model 1: elements 1 and 5 pressure responses
for nonlinear resistance and inductance
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FIGURE 28
- Model 1: elements 1 and 5 volume responses
for nonlinear resistance and inductance
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destructive interference pattern in the oscillations.
Further increasing the external pressure or the outflow
resistance dampens the oscillations drastically, and total collapse
of the tube occurs. An increase in the step input flow rate again
increases the amplitude of oscillations, but the numerical solution
becomes unstable and halts. Steady state is never achieved.
It is theorized that if the input flow rate is increased, and
the external pressure is increased to an appropriate value, then
the solution will be stable. This is because the external pressure
must equally oppose the increased pressure from the elevated input
flow rate. Once this balance has been achieved, steady state can
ensue. This is shown to be true by the experimental results of
Conrad [14] and Lyon [37,38,39], which show stable operating
conditions for increased flow rate with increased external
pressure. Unfortunately, the correct balance was not achieved in
this study. Many other factors, such as tube properties, outflow
resistance, and the accuracy of the tube law may have such impact
on the modeling that with the currently defined values, a balance
was not possible.
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4.0 MATHEMATICAL MODEL 2
4.1 Description of Model 2
The second mathematical model utilized Shapiro's [46]
equations previously discussed. Recall the coupled differential
equations for inviscid flow:
- 1|E = |H + U|H (65)
p dx dt dx
**
+ 21*"L = 0 (66)
dt dx
The tube law utilized in Model 1 (Eq. 61) was employed inversely in
Model 2; given the area ratio, the internal pressure was
determined. For the collapsed state:
P-m "pJt, (l - a""*) <67)







Backward differencing and forward differencing methods of
solving these equations produced numerical instabilities, so a
central differencing method was used. Using velocity and area as




















for i = 1...N number of elements. Since both ends of the
collapsible tube are connected to rigid tubing:
A. Aj+i Ai






u2 u3 u* u5 u.
Model 2 nomenclature
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The nomenclature utilized is depicted above. At the beginning of







































4 = ||(ui-u3> + ||Ui"A3) (76)
where P, must be explicitly
defined in the model.























^ = ll (U-l " ?!> + -^ (An-l " 4~l> <78>
Pn+l
=
P-out*o un*i + Patw (79)






Since gage pressure was utilized in the model, Plta = o.
Unlike Model 1, inductive elements are not defined explicitly,
but rather they are inherently nonlinear and defined by the tube
law (see Figure 10) . Again, ACSL was utilized to solve these
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equations. The complete computer program is provided in APPENDIX C.
A step input fluid flow rate proved to cause numerical
instabilities, so the feathered step of Equation 82 was utilized.







where B was the amplitude of the sinusoid, and o was the period of
oscillation.
4.2 Results of Model 2
Because of the nature of the computer program, it was not
possible to obtain volume information for the tube examined in its
entirety (i.e., as one element). Therefore, the tube was initially
divided into two segments to make a comparison between Lyon's
experimental data and the predictions of the mathematical model.
4.2.1 Two Segment Analysis
Recall that Lyon [37] showed that as downstream resistance was
increased, pressure loss along the length of the tube, P(
-
P0,
decreased, while downstream pressure, P0, increased. Figures 29 and
30 show that the mathematical model under consideration produces
qualitatively the
same results. These plots are for a defined
upstream pressure of 10 mm Hg, and zero external pressure.
Modifying the
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to, but numerically different from, the curves depicted in Figures
29 and 30.
The model did not produce a constant pressure loss along the
length of the tube for "very
high"
outflow resistance. This could
be due to the fact that both the upstream pressure and the input
flow rate had to be increased to avoid numerical instability when
the outflow resistance was greatly increased. The parameters were
then not comparable.
Because of the nature of the present mathematical model, it
was not possible to mimic more of Lyon's experimental data due to
the presentation method of her results. Again, as in Model 1, it
was not possible to maintain a constant Pe
-
P value, and
therefore, comparison with Lyon's data was not possible.
4.2.2 Multiple Segment Analysis
Since the model qualitatively predicts the pressure-flow
relationships in a collapsible tube, the tube was then divided into
five elements (to be consistent with Model 1) .
The model was first examined with a downstream resistance of
0.0125 mm Hg/ (cc/sec) , input flow rate of 10 cc/sec, upstream
pressure of 10 mm Hg, and zero external pressure. Figure 31 shows
the volume and internal pressure for each segment. Note that with
the exception of the first segment, the volume in all segments
reaches approximately the same
mean value after one second. Note
that the volume data oscillate
about this mean with an "envelope"
period of approximately


























high frequency. Note also that prior to one second both pressure
and volume time courses reflect the feathered step input. The
internal pressure in each segment, however, is the same in every
other segment (i.e. segment 4 mirrors segment 2, and segment 5
mirrors segment 3) . (The pressure in segment 1 reflects the
defined upstream pressure.) Segments 2 and 3 will be utilized as
representative segments to examine changes in parameters. Figures
32 and 33 are enlarged portrayals of the pressure and volume time
responses shown in Figure 31 for segments 2 and 3. Segment
pressure and volume oscillations before one second are damped prior
to reaching steady state. Segments 2 and 3 oscillate pressure
while all segments oscillate volume. However, in the pressure
response of segment 2, a secondary low frequency oscillation
persists. This oscillation is present in the volume responses as
well, but the amplitude is not easily observed. This oscillation
physically represents a flutter of the tube wall.
Figures 34 and 35 show the system response for the increased
input flow rate of 30 cc/sec. This increased flow rate had no
effect on the magnitude of the steady state volumes and pressures.
However, the frequency envelope at steady state is increased. This
is more evident in the pressure response, shown in Figure 36.
The effects on segment internal pressure and volume for an
outflow resistance
increased to 0.025 mm Hg/ (cc/sec) are shown in
Figures 37 and 38. These graphs
show that an increase in outflow
resistance increases the amplitude of the envelope oscillations,
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FIGURE 32 - Model 2: 5 element internal pressure responses




















- Model 2: 5 element volume responses for

























- Model 2: 5 element effect of increased flow
































- Model 2: 5 element effect of increased flow
rate on volume
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- Model 2: 5 element comparison of pressure
responses for input flow rates of 10 cc/sec
and 30 cc/sec
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FIGURE 37 - Model 2: 5 element
effect of increased outflow



































- Model 2: 5 element effect of increased outflow
resistance on volume
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Finally, the effect of increasing the external pressure, Pe,
was investigated. In order to resolve numerical instabilities, the
outflow resistance had to be increase to 0.125 mm Hg/ (cc/sec) for
an external pressure of 10 mm Hg. The effects on internal pressure
and volume, depicted in Figures 39 and 40, respectively, show a
damped oscillation envelope to steady-state conditions. An
increase the external pressure, accompanied by the required
increase in outflow resistance, increases the amplitude of the
initial oscillations the system undergoes before reaching steady
state condition. The frequency of these oscillations is, however,
reduced. The same response was found in Model 1, as seen by
comparing Figures 12 and 22. In addition, this increased external
pressure significantly reduces the steady state volume, and has a
variable effect on the internal pressure. The steady state
internal pressure in segment 2 is increased, while the internal
pressure in segment 5 is decreased. This seems to indicate that
there may be some ideal combination of external pressure and
outflow resistance which will produce a constant internal pressure
throughout all segments of the tube, consistent with empirical
protocol and data. Unfortunately, the number of possible
combinations is endless, and the correct values were not discovered
in this study. With regard to the envelope oscillations, the
increase in external pressure increased their frequency, and while
the amplitude was initially higher, it immediately began
decreasing.
To verify that














- Model 2: 5 element effect of increased external

















- Model 2: 5 element effect of increased external
pressure on volume
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in a similar fashion, the pressure responses from segments 4 and 5
are shown in Figure 41. Upon examination, it is clear that the
behavior discussed above does indeed still hold. It is interesting
to note, however, that the internal pressure in segment 4 is less
than that of segment 2, and that the internal pressure of segment
5 is less than that of segment 3. Since segment 5 pressure is less
than segment 1 pressure, a loss of pressure along the length of the
tube is predicted, just as one would expect.
The major inconsistency with this model compared to any
experimental apparatus is the shape of the collapsible tube at
steady state. A typical tube configuration is shown below.
If the steady state areas of
the nodes are examined, one finds that
there is no slope continuity between the segments. This is because
the state equations are not second order, thus the system has no


















Although neither mathematical model was able to reproduce many
of the numerous experimental results of Lyon [37] due to the manner
in which her results were provided, some trends were matched. Both
models showed that as the outflow resistance increased, the
pressure loss along the tube decreased, and outflow pressure
increased. Model l was able to show that for "very
high"
outflow
resistance, the pressure loss along the tube became independent of
flow rate.
The models produced somewhat conflicting pictures of the
pressure and volume responses to variations in certain parameters,
such as input flow rate, downstream resistance, and external
pressure.
Model 1 intuitively seems more accurate since it predicts the
following for viscous flow:
1. increases in both steady state volume and internal
pressure for increased flow rate
2 . increases in both steady state volume and internal
pressure for increased outflow resistance
3. decreased steady state volume and increased internal
pressure for increased external pressure
Secondary oscillations, present in
Model 2, were not present in
Model l.
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Model 2 had the following results for inviscid flow:
1. increased flow rate has no effect on the magnitude
of steady state volume or internal pressure, but
increases the frequency of the secondary
oscillations
2. increased outflow resistance had no effect on steady
state volume, but increased internal pressure in
every other segment (even numbered segments) , and
increases the amplitude of the secondary
oscillations
3 . increased external pressure decreased the steady
state volume and increased the internal pressure,
while at the same time increasing the frequency of
the secondary oscillations and increasing then
decreasing their amplitude
Improvements to either model could include the incorporation of the
Bernoulli resistance, and verification of the tube law that is
utilized. The highly sensitive nature of the system to the tube
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APPEMDIX B - Model 1 Coiputtr Proarea
program M0DEL1
PROGRAMMED BY: Jennifer Lowdermilk
DATE: March 1992
This program uses ACSL to predict the pressure-flow relationships
of an incompressible, inviscid fluid in a collapsible tube, by
examining the tube as an R-C-L circuit . The tube is divided into
'N'
segments, each with the same tube properties. Energy
variables (volume and momentum) are calculated.
ARRAYS UTILIZED FOR EACH TUBE SEGMENT:
v volume of tube segment
VD time rate of change of V
VIC initial condition of V
M momentum of fluid in tube segment
MD time rate of change of M
MIC initial condition of M
P internal pressure of tube segment
Q fluid flow rate in tube segment
C capacitance of tube segment
I inductance of tube segment
R resistance of tube segment
AACT area capacitance acts on
A cross-sectional area of tube segment
AAVG average area of tube segment
CONSTANTS :
B magnitude of input fluid flow rate
LTOTAL total length of collapsible tube





s Modulus of tube
NU
Poisson'
s ratio of tube
KP circumferential bending stiffness of tube
H thickness of tube wall
RAD internal radius of tube
DO nominal tube diameter
AO nominal tube cross-sectional area
ROUT resistance of rigid tube downstream of
collapsible tube
AMIN minimum allowable area of tube segment
AMAX maximum allowable area of tube segment
VMiN minimum allowable volume of tube segment
VENDMIN minimum allowable volume of either end segment
VMAX maximum allowable volume of tube segment
VENDMAX maximum allowable volume of either end segment
K constant used in capacitance calculations
integer J,N,X
constant B = 10.0, TSTP = 6.0, PE = 0.0,...
LTOTAL 7.5, MU * 1.139E-5, ROUT - 0.0125,
RHO = 7.5E-4, E = 1200.12, NU - 0.5,...
H - 0.032, RAD = 0.635, PI = 3.1415927
cinterval cint = 0.01
maxterval maxt = 0.001
nsteps nstp
= 1
! use second order Runge-Kutta method
!
IALG - 4
initial ! set initial conditions
KP - (1.0/12.0)*E*((H/RAD)**3)/(1.0-(NU**2))














VIC (J) = V0
MIC (J) =0.0
Q(J) =0.0
AACT (J) = PI*D0*L
10 . . continue

































MD1 = P(l) - R(l)*Q(i) . P(2)
MD(1) - MD1
K '




P(J+1) - ((V(J+1)-V0)/C(J+1)) + PE
AJ = AREA(P(J+1) ,PE,KP)
A(J+1) = AJ
AAVG(J) = (A(J)+A(J+l))/2.0
"I (J) - RHO*L/AAVG(J)"















50 . . continue
! segment N
PBACK = ROUT*Q(N)
AAVG(N) = (A(N)+A0) /2.0
"I(N) = RHO*L/AAVG (N)
"
I (N) = RHO*L/A0
"R(N) = (8.0*MU*L*PI)/(AAVG(N)**2)
"













! check min/max volume restraints
if (V(l) .le. VENDMIN) then
V(l) = VENDMIN




if (V(J) .le. VMIN) then
V(J) - VMIN
















if (V(N) .le. VENDMIN) then
V(N) = VENDMIN
elseif (V(N) .gt. VENDMAX) then
V(N) = VENDMAX
endif




REAL FUNCTION AREA (PIN, PE, KP)
C Tube law that computes the area of the collapsible tube,







if (PIN .It. PE) then
AREA = AO * (1.0/(((1.0 - ( (PIN-PE)/KP) )**2)**0. 33333) )
else
AREA = (PI/4 . 0) * ( ( ( (PIN-PE) *0 . 000634) + (sqrt (4 . 0*A0/PI) ) ) **2)
endif
if (AREA .It. AMIN) AREA = AMIN
if (AREA .gt. AMAX) AREA = AMAX
return
end
APPENDIX c - noaei 2 computer propria
program M0DEL2
PROGRAMMED BY: Jennifer Lowdermilk
DATE: March 1992
This program uses ACSL to predict the pressure-flow relationships
of an incompressible, inviscid fluid in a collapsible tube,
using the state equations of Shapiro [46] . The tube is divided
into 'N' segments, each possessing the same tube properties.
Power variables (area and velocity) are calculated.
ARRAYS UTILIZED FOR EACH TUBE SEGMENT:
u fluid velocity in tube segment
UD time rate of change of U
UIC initial condition of U
A cross-sectional area of tube segment
AD time rate of change of A
AIC initial condition of A
P internal pressure of tube segment
Q volumetric fluid flow rate in segment
V. volume of tube segment
CONSTANTS :
B magnitude of input fluid flow rate
P (1) upstream internal pressure
LTOTAL total length of collapsible tube





s Modulus of tube
NU
Poisson'
s ratio of tube
KP - circumferential bending stiffness of tube
H thickness of tube wall
RAD internal radius of tube
DO nominal tube diameter
AO nominal tube cross-sectional area
ROUT resistance of rigid tube downstream
of collapsible tube
AMIN minimum allowable area of tube segment
AMAX maximum allowable area of tube segment
VMIN minimum allowable vdlume of tube segment
VENDMIN minimum allowable volume of either end segment
VMAX maximum allowable volume of tube segment
VENDMAX maximum allowable volume of either end segment
integer J,N,X,Y
constant B = 10.0, TSTP = 10.0, TEND = 1.0,...
LTOTAL = 7.5, AVISC = 7.5E-6, ROUT = 0.125,...
RIN = 0.50, RHO = 7.5E-4, E = 1200.12, NU = 0.5,
H = 0.032, RAD = 0.635, PI = 3.1415927,...
PE = 10.0
cinterval cintl = 0.01
maxterval maxtl=0.001
nsteps nstpl=l








































if (T .le. TEND) then
QIN = (B/2.0)*(cos((w*T)+PI) +1.0)
U(l) = QIN/A0
UD0 = (-1 . 0/A0)






if (A (J) .le. AMIN)
then
A (J) = AMIN
else if (A (J) .ge. AMAX)
then
A (J) = AMAX
endif
! check minimum/maximum area requirements
AAVG(l) = (AO + A(2))/2.0
do 30 J = 2, X
AAVG(J) = (A(J)+A(J+l))/2.0
30 . .continue
AAVG(N) = (A(N) + A0)/2.0












UD1= ( ( (RIN*A0*U (1) ) -P (2) ) / (2 . 0*RHO*L) ) + &
((U(1)*(U(1)-U(2)))/(2.0*L))
UD(1) = UD1




( (U (J) / (2 . 0*L) )
* (A(J-l) -A(J+l) ) )
AD (J) = ADJ
P (J+l ) = ( (PVSA (A (J+l ) /A0 ) ) *KP ) +PE
UDJ= ( (P (J-D -P (J+D ) / (2 . 0*RHO*L) )
+ &
( (U (J)






( (U (N) / (2 . 0*L) )




UDN= ( (P (N-1) -PBACK) / (2 . 0*RHO*L) )
+ &
( (U (N)
* (U (N-1) -U (N+l) ) ) / (2 . 0*L) )
UD (N) = UDN
! end conditions













TERMT (T .ge. TSTP)
end ! of procedural
end ! of derivative
end ! of program
real function PVSA(AR)
C This functions uses the tube law to determine the
C pressure difference between internal and external
C pressure given the area ratio
if (AR .le. 1.0) then
PVSA - 1.0 - (1.0/(sqrt(AR**3)))
PVSA = 1016.5743* (AR - 1.0)
endif
return
end
